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Markov Decision Processes

Tuple  where


•  is the (finite) state space;


•  is the (finite) action space;


•  is the initial state distribution;


•  is the transition kernel with elements ;


•  are the expected one-step rewards;


•  is the discount factor.

(𝒮, 𝒜, q, p, r, λ)
𝒮 = {1,…, S}
𝒜 = {1,…, A}
q = (q1, …, qS) ∈ Δ(𝒮)
p : 𝒮 × 𝒜 → Δ(𝒮) p(s′￼|s, a)
r : 𝒮 × 𝒜 → ℝ
λ ∈ (0,1)

Markov decision process
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•  is the transition kernel with elements ;


•  are the expected one-step rewards;


•  is the discount factor.

(𝒮, 𝒜, q, p, r, λ)
𝒮 = {1,…, S}
𝒜 = {1,…, A}
q = (q1, …, qS) ∈ Δ(𝒮)
p : 𝒮 × 𝒜 → Δ(𝒮) p(s′￼|s, a)
r : 𝒮 × 𝒜 → ℝ
λ ∈ (0,1)

Markov decision process

Objective
find policy  that maximizes the 

expected total discounted rewards:
π

𝔼p [
∞

∑
t=1

λt−1 ⋅ r(st, πt[st])]π∈Π
maximize
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MDPs: Key Results
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MDPs: Key Results

• Stationary deterministic policies are optimal:


π = {πt}∞
t=1

πt : (𝒮 × 𝒜)t−1 × 𝒮 → Δ(𝒜)
history-dependent, randomized

π : 𝒮 → Δ(𝒜)
stationary, 

randomized

π : 𝒮 → 𝒜
stationary, 

deterministic

⊃ ⊃
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MDPs: Key Results

• Stationary deterministic policies are optimal. 

• Discounted rewards of a fixed policy
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MDPs: Key Results

• Stationary deterministic policies are optimal. 

• Discounted rewards of a fixed policy

vπ(s) = 𝔼p [
∞

∑
t=1

λt−1 ⋅ r(st, π[st]) s1 = s]
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MDPs: Key Results

• Stationary deterministic policies are optimal. 

• Discounted rewards of a fixed policy satisfy linear equations:

vπ(s) = r(s, π[s]) + λ ∑
s′￼∈𝒮

p(s′￼|s, π[s]) ⋅ vπ(s′￼)
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MDPs: Key Results

• Stationary deterministic policies are optimal. 

• Discounted rewards of a fixed policy satisfy linear equations. 

• Discounted rewards of an optimal policy satisfy nonlinear equations:

v⋆(s) = max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v⋆(s′￼)}
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MDPs: Key Results

• Stationary deterministic policies are optimal. 

• Discounted rewards of a fixed policy satisfy linear equations. 

• Discounted rewards of an optimal policy satisfy nonlinear equations:

v⋆(s) = max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v⋆(s′￼)}
• -greedy policy is optimal:v⋆

π⋆(s) ∈ arg max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v⋆(s′￼)}
2



MDPs: Solution Methods
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MDPs: Solution Methods

• Value iteration:

v⋆(s) = max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v⋆(s′￼)}
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MDPs: Solution Methods

• Value iteration:

v⋆(s) = max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v⋆(s′￼)}
vi+1(s) vi(s′￼)

Starting from any , converges at linear rate to .v0 ∈ ℝS v⋆
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MDPs: Solution Methods

• Value iteration. 

• (Modified) Policy iteration:

π⋆(s) ∈ arg max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v⋆(s′￼)}
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MDPs: Solution Methods

• Value iteration. 

• (Modified) Policy iteration:

π⋆(s) ∈ arg max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v⋆(s′￼)}
vπi(s′￼)πi+1(s)

Policy evaluationPolicy improvement

Under suitable conditions, converges at superlinear rate to . 
Converges to (ϵ-)optimal policy in finitely many iterations.

v⋆
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MDPs: Solution Methods

• Value iteration. 

• (Modified) Policy iteration. 

• Linear programming:

minimize
v∈ℝS

subject to

∑
s∈𝒮

q(s) ⋅ v(s)

v(s) = max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)} ∀s ∈ 𝒮
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MDPs: Solution Methods

• Value iteration. 

• (Modified) Policy iteration. 

• Linear programming:

minimize
v∈ℝS

subject to

∑
s∈𝒮

q(s) ⋅ v(s)

v(s) ≥ max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)} ∀s ∈ 𝒮
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MDPs: Solution Methods

• Value iteration. 

• (Modified) Policy iteration. 

• Linear programming:

minimize
v∈ℝS

subject to

∑
s∈𝒮

q(s) ⋅ v(s)

v(s) ≥ r(s, a) + λ ∑
s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼) ∀s ∈ 𝒮, ∀a ∈ 𝒜

Optimally solved in polynomial time with standard solvers.
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Cart Pole Example

x ∈ [−4.8,4.8]
·x ∈ ℝ

θ ∈ [−24∘,24∘]
·θ ∈ ℝ

State space

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.
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Cart Pole Example
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Cart Pole Example

x, ·x, θ, ·θ ∼
𝒰[−0.05,0.05]

Initial state

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.

x ∈ [−4.8,4.8]
·x ∈ ℝ

θ ∈ [−24∘,24∘]
·θ ∈ ℝ

State space Action space
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Cart Pole Example

Transitions

• deterministic via 
laws of mechanics 

• terminate if 
      
or 

x ∉ [−2.4,2.4]
θ ∉ [−12∘,12∘]

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.

x, ·x, θ, ·θ ∼
𝒰[−0.05,0.05]

Initial state
x ∈ [−4.8,4.8]

·x ∈ ℝ

θ ∈ [−24∘,24∘]
·θ ∈ ℝ

State space Action space
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Cart Pole Example

Rewards
+1/non-terminated 

time step

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.

Transitions

• deterministic via 
laws of mechanics 

• terminate if 
      
or 

x ∉ [−2.4,2.4]
θ ∉ [−12∘,12∘]

x, ·x, θ, ·θ ∼
𝒰[−0.05,0.05]

Initial state
x ∈ [−4.8,4.8]

·x ∈ ℝ

θ ∈ [−24∘,24∘]
·θ ∈ ℝ

State space Action space
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Cart Pole Example

Barto et al. (1983), Neuronlike Adaptive Elements that can Solve Difficult Learning Control Problems.
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Ambiguity and Robust MDPs
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Ambiguity and Robust MDPs

Two common sources of ambiguity:

• Modelling errors: 32.67 secs/run

x

·x
×

×
θ
·θ

 = 50,625 states154×
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Ambiguity and Robust MDPs

Two common sources of ambiguity:

• Modelling errors: 32.67 secs/run         2.45 secs/run

x

·x
×

×
θ
·θ

 = 10,000 states104×
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Ambiguity and Robust MDPs

Two common sources of ambiguity:

• Modelling errors: 32.67 secs/run         2.45 secs/run


• Estimation errors: 32.67 secs/run
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Ambiguity and Robust MDPs

Two common sources of ambiguity:

• Modelling errors: 32.67 secs/run         2.45 secs/run


• Estimation errors: 32.67 secs/run         4.68 secs/run

inf
p∈𝒫

𝔼p [
∞

∑
t=1

λt−1 ⋅ r(st, π[st])]
Robust MDP

ambiguity set

Robust MDPs admit interpretation as regularized MDPs!

Derman et al. (2023), Twice Regularized Markov Decision Processes: The Equivalence between Robustness and Regularization.

Impact of ambiguity can be alleviated via robust optimization:

π∈Π
maximize
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Ambiguity: Modelling Errors

no
m

in
al

ro
bu

st

Modelling errors: 32.67 secs/run         2.45 secs/run         15.77 secs/run 7



Ambiguity: Estimation Errors

no
m

in
al

ro
bu

st

Estimation errors: 32.67 secs/run         4.68 secs/run         15.76 secs/run 7



Ambiguity Sets
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

𝒫0

Structural ambiguity set
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

𝒫0

𝒫(ℋn)

∩

Structural ambiguity set Historical sample
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

𝒫0

𝒫(ℋn)

𝒫0

𝒫n

𝒫(ℋn)

∩ =

Structural ambiguity set Historical sample Out-of-sample guarantee
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

𝒫0

Structural ambiguity set

p0 ∈ rel int 𝒫0

𝒫0 ⊆ {p : 𝒮 × 𝒜 → Δ(𝒮)}
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

𝒫0

Structural ambiguity set

p0 ∈ rel int 𝒫0

𝒫0 ⊆ {p : 𝒮 × 𝒜 → Δ(𝒮)}

μ

Ξ0

(injective affine)
μ

Ξ0

(injective affine)
Possible transitions

1

3

4

5

6

ξ1

1 − ξ1

ξ2

1 − ξ2

1

1

2
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

𝒫0

Structural ambiguity set

p0 ∈ rel int 𝒫0

𝒫0 ⊆ {p : 𝒮 × 𝒜 → Δ(𝒮)}

μ

Ξ0

(injective affine)
μ

Ξ0

(injective affine)
Possible transitions

1

3

4

5

6

ξ1

1 − ξ1

ξ2

1 − ξ2

1

1

𝒫0𝒫0𝒫0 Equal probabilities

1

3

4

5

6

ξ

1 − ξ

ξ

1 − ξ

1

1

2

9
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

Historical sample

historical policy 

(stationary, randomized)

π0 state-action history 
ℋn = (s1, a1, …, sn, an) ∈ (𝒮 × 𝒜)n
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

Historical sample

historical policy 

(stationary, randomized)

π0 state-action history 
ℋn = (s1, a1, …, sn, an) ∈ (𝒮 × 𝒜)n

ℒn(p) = q(s1) ⋅ π0(an |sn) ⋅
n−1

∏
t=1

[π0(at |st) ⋅ p(st+1 |st, at)]

Likelihood, given history
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

Historical sample

𝒫(ℋn) = {p : log ℒn(p) ≥ log ℒn(p⋆) − δ}

historical policy 

(stationary, randomized)

π0 state-action history 
ℋn = (s1, a1, …, sn, an) ∈ (𝒮 × 𝒜)n

ℒn(p) = q(s1) ⋅ π0(an |sn) ⋅
n−1

∏
t=1

[π0(at |st) ⋅ p(st+1 |st, at)]

Likelihood, given history

10



Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

Theorem

Assumption: Historical policy  visits every  infinitely often as π0 s ∈ 𝒮 n ⟶ ∞
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

Theorem

 with  = -quantile 
of -distribution with  degrees of freedom

𝒫n = 𝒫0 ∩ 𝒫(ℋn) δ (1 − β)
χ2 κ

11

Assumption: Historical policy  visits every  infinitely often as π0 s ∈ 𝒮 n ⟶ ∞



Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

Theorem

 with  = -quantile 
of -distribution with  degrees of freedom

𝒫n = 𝒫0 ∩ 𝒫(ℋn) δ (1 − β)
χ2 κ

lim
n⟶∞

ℙ [p0 ∈ 𝒫n] = 1 − β1

11

Assumption: Historical policy  visits every  infinitely often as π0 s ∈ 𝒮 n ⟶ ∞
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Ambiguity Sets

Wiesemann et al. (2013), Robust Markov Decision Processes.

Theorem

 with  = -quantile 
of -distribution with  degrees of freedom

𝒫n = 𝒫0 ∩ 𝒫(ℋn) δ (1 − β)
χ2 κ

1 2

p0

𝒫100

𝒫200

𝒫300

𝒫400

𝒫500

lim
n⟶∞

ℙ [p0 ∈ 𝒫n] = 1 − β plim
n⟶∞

[ n ⋅ dH(𝒫n, {p0})] = 0

11

Assumption: Historical policy  visits every  infinitely often as π0 (s, a) n ⟶ ∞



Rectangularity

P =
�
P 0

 
P =⇥

s,a
Psa P =⇥

s
Ps P ✓ �S⇥A

General (non-rectangular) ambiguity sets

Optimal policy can be randomized & history-dependent

Bellman optimality principle violated; NP-hard
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�
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P =⇥

s,a
Psa P =⇥

s
Ps P ✓ �S⇥A

General (non-rectangular) ambiguity sets

(s,a)-rectangular ambiguity sets

Optimal policy can be randomized & history-dependent

Bellman optimality principle violated; NP-hard

   with   𝒫 = ∏
(s,a)∈𝒮×𝒜

𝒫s,a 𝒫s,a ⊆ Δ(𝒮)
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Rectangularity

P =
�
P 0

 
P =⇥

s,a
Psa P =⇥

s
Ps P ✓ �S⇥A

P =
�
P 0

 
P =⇥

s,a
Psa P =⇥

s
Ps P ✓ �S⇥A

General (non-rectangular) ambiguity sets

(s,a)-rectangular ambiguity sets

Optimal policy stationary and deterministic

Bellman optimality principle holds

Optimal policy can be randomized & history-dependent

Bellman optimality principle violated; NP-hard

Example

for some unknown ξ ∈ [0,1]

1

2

3

ξ

1 − ξ

Action 1

1

2

3

Action 2

ξ

1 − ξ
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Rectangularity
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Psa P =⇥

s
Ps P ✓ �S⇥A

General (non-rectangular) ambiguity sets

(s,a)-rectangular ambiguity sets

Optimal policy stationary and deterministic

Bellman optimality principle holds

Optimal policy can be randomized & history-dependent

Bellman optimality principle violated; NP-hard

Example

for some unknown ξ1, ξ2 ∈ [0,1]

1

2

3

ξ1

1 − ξ1

Action 1

1

2

3

Action 2

ξ2

1 − ξ2
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Rectangularity
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s,a
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Ps P ✓ �S⇥A

General (non-rectangular) ambiguity sets

s-rectangular ambiguity sets

(s,a)-rectangular ambiguity sets

   with   𝒫 = ∏
s∈𝒮

𝒫s 𝒫s ⊆ [Δ(𝒮)]A

Optimal policy can be randomized & history-dependent

Bellman optimality principle violated; NP-hard

Optimal policy stationary and deterministic

Bellman optimality principle holds
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Rectangularity
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P =
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Psa P =⇥

s
Ps P ✓ �S⇥A

General (non-rectangular) ambiguity sets

s-rectangular ambiguity sets

(s,a)-rectangular ambiguity sets

Optimal policy stationary but can be randomized
Bellman optimality principle holds

Optimal policy can be randomized & history-dependent

Bellman optimality principle violated; NP-hard

Optimal policy stationary and deterministic

Bellman optimality principle holds
12



Rectangularity
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s-rectangular ambiguity sets

(s,a)-rectangular ambiguity sets

Optimal policy stationary but can be randomized
Bellman optimality principle holds

Optimal policy can be randomized & history-dependent

Bellman optimality principle violated; NP-hard

Optimal policy stationary and deterministic

Bellman optimality principle holds

Example

for some unknown ξ ∈ [0,1]

1

2

3
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1 − ξ

Action 1

1

2

3

Action 2

ξ

1 − ξ
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s-Rectangular Ambiguity Sets: Bellman Operator

Ho et al. (2023), Robust Phi-Divergence MDPs; Ho et al. (2026), Efficient Algorithms for Robust MDPs with s-Rectangular Ambiguity Sets.
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s-Rectangular Ambiguity Sets: Bellman Operator

v⋆(s) = max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v⋆(s′￼)}
Classical (non-robust) Bellman equations

Ho et al. (2023), Robust Phi-Divergence MDPs; Ho et al. (2026), Efficient Algorithms for Robust MDPs with s-Rectangular Ambiguity Sets.
13



s-Rectangular Ambiguity Sets: Bellman Operator

v⋆(s) = max
π∈Δ(𝒜)

min
p∈𝒫s

∑
a∈𝒜

π(a) ⋅ [r(s, a) + λ ∑
s′￼∈𝒮

p(s′￼|s, a) ⋅ v⋆(s′￼)]
Robust Bellman equations

Ho et al. (2023), Robust Phi-Divergence MDPs; Ho et al. (2026), Efficient Algorithms for Robust MDPs with s-Rectangular Ambiguity Sets.
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s-Rectangular Ambiguity Sets: Bellman Operator

[𝔅v](s) = max
π∈Δ(𝒜)

min
p∈𝒫s

∑
a∈𝒜

π(a) ⋅ [r(s, a) + λ ∑
s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)]
Robust Bellman operator

Ho et al. (2023), Robust Phi-Divergence MDPs; Ho et al. (2026), Efficient Algorithms for Robust MDPs with s-Rectangular Ambiguity Sets.
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s-Rectangular Ambiguity Sets: Bellman Operator

   with   𝒫 = ∏
s∈𝒮

𝒫s 𝒫s = {p( ⋅ |s, ⋅ ) : ∑
a∈𝒜

d [p( ⋅ |s, a), p0( ⋅ |s, a)] ≤ κ}
Distance-constrained s-rectangular ambiguity set

[𝔅v](s) = max
π∈Δ(𝒜)

min
p∈𝒫s

∑
a∈𝒜

π(a) ⋅ [r(s, a) + λ ∑
s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)]
Robust Bellman operator

Ho et al. (2023); Ho et al. (2026).

p0( ⋅ |s, a)
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s-Rectangular Ambiguity Sets: Bellman Operator

[𝔅v](s) = max
π∈Δ(𝒜)

min
p∈𝒫s

∑
a∈𝒜

π(a) ⋅ [r(s, a) + λ ∑
s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)]

Ho et al. (2023), Robust Phi-Divergence MDPs; Ho et al. (2026), Efficient Algorithms for Robust MDPs with s-Rectangular Ambiguity Sets.
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s-Rectangular Ambiguity Sets: Bellman Operator

[𝔅v](s) = max
π∈Δ(𝒜)

min
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Separability: of both objective and constraints in a ∈ 𝒜

Ho et al. (2023), Robust Phi-Divergence MDPs; Ho et al. (2026), Efficient Algorithms for Robust MDPs with s-Rectangular Ambiguity Sets.

min
p∈[Δ(𝒮)]A ∑

a∈𝒜

d [p( ⋅ |s, a), p0( ⋅ |s, a)] : max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)} ≤ θ ≤ κ

∑
a∈𝒜

min
pa∈Δ(𝒮) {d [p( ⋅ |s, a), p0( ⋅ |s, a)] : r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼) ≤ θ} ≤ κ⟺

16



s-Rectangular Ambiguity Sets: Bellman Operator

min
p∈𝒫s

max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)} ≤ θ ?�
Ho et al. (2023), Robust Phi-Divergence MDPs; Ho et al. (2026), Efficient Algorithms for Robust MDPs with s-Rectangular Ambiguity Sets.

∑
a∈𝒜

min
pa∈Δ(𝒮) {d [p( ⋅ |s, a), p0( ⋅ |s, a)] : r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼) ≤ θ} ≤ κ

16



s-Rectangular Ambiguity Sets: Bellman Operator

min
p∈𝒫s

max
a∈𝒜 {r(s, a) + λ ∑

s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)} ≤ θ ?�
𝔓(p0; b, β) =

minimize
p

subject to

d [p, p0]
∑
s′￼∈𝒮

bs′￼
⋅ ps′￼

≤ β

p ∈ Δ(𝒮)

with

⟺ ∑
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�
Theorem

Assume  can be computed exactly in time .

Then  can be computed to accuracy  in time 

.

𝔓 𝒪(h(S))
𝔅 ϵ > 0

𝒪(AS ⋅ h(S) ⋅ log[R/ϵ])
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�
Theorem

Assume  can be computed exactly in time .

Then  can be computed to accuracy  in time 

. 
Assume  can be computed to any accuracy  
in time . Then  can be computed to accuracy  

 in time .

𝔓 𝒪(h(S))
𝔅 ϵ > 0

𝒪(AS ⋅ h(S) ⋅ log[R/ϵ])
𝔓 δ > 0

𝒪(h(δ)) 𝔅
ϵ > 0 𝒪(AS ⋅ h(ϵκ/[2AR + Aϵ]) ⋅ log[R/ϵ])
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KL-Divergence

Burg Entropy

Variation Distance

-Distanceχ2

∑
s′￼∈𝒮

p(s′￼|s, a) ⋅ log ( p(s′￼|s, a)
p0(s′￼|s, a) )

∑
s′￼∈𝒮

p0(s′￼|s, a) ⋅ log ( p0(s′￼|s, a)
p(s′￼|s, a) )

∑
s′￼∈𝒮

|p(s′￼|s, a) − p0(s′￼|s, a) |

∑
s′￼∈𝒮

[p(s′￼|s, a) − p0(s′￼|s, a)]2

p0(s′￼|s, a)

𝒪(S2A ⋅ log S)

𝒪(S4.5 ⋅ A)

(none)

𝒪(ℓ2 ⋅ S2 ⋅ A)

da( ⋅ , p0)Divergence Ours Previous
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s-Rectangular Ambiguity Sets: Partial Policy Iteration

Reconsider idea of (modified) policy iteration:

Ho et al. (2021), Partial Policy Iteration for L1-Robust Markov Decision Processes.
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Reconsider idea of (modified) policy iteration:

[𝔅v](s) = max
π∈Δ(𝒜)

min
p∈𝒫s

∑
a∈𝒜

π(a) ⋅ [r(s, a) + λ ∑
s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)]
Policy improvement

expensive operator: requires robust Bellman operator
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s-Rectangular Ambiguity Sets: Partial Policy Iteration

Reconsider idea of (modified) policy iteration:

[𝔅v](s) = max
π∈Δ(𝒜)

min
p∈𝒫s

∑
a∈𝒜

π(a) ⋅ [r(s, a) + λ ∑
s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)]

[𝔅(π) v](s) = min
p∈𝒫s

∑
a∈𝒜

π(a) ⋅ [r(s, a) + λ ∑
s′￼∈𝒮

p(s′￼|s, a) ⋅ v(s′￼)]

Policy improvement

expensive operator: requires robust Bellman operator

Policy evaluation

cheaper operator: can be recast as Bellman operator 
                              of a nominal MDP 20



s-Rectangular Ambiguity Sets: Robust Modified Policy Iteration
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s-Rectangular Ambiguity Sets: Robust Modified Policy Iteration

Compute  and let  be the corresponding greedy policywi+1 = 𝔅vi πi+1

Repeat: starting with ,  arbitraryi = 0 v0

Until  ∥wi+1 − ϑi+1,N∥∞ <
1 − λ

2
⋅ δ

i = i + 1

Policy improvement

expensive operator:
robust value iteration

Kaufman & Schaefer (2013), Robust Modified Policy Iteration.
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Compute sequence  with  until ϑi+1,j+1 = 𝔅(πi+1) ϑi+1,j ϑi+1,0 = wi+1

∥ϑi+1,j+1 − ϑi+1,j∥∞ ≤ (1 − λ)ϵi+1

s-Rectangular Ambiguity Sets: Robust Modified Policy Iteration

Compute  and let  be the corresponding greedy policywi+1 = 𝔅vi πi+1

Repeat: starting with ,  arbitraryi = 0 v0

Until  ∥wi+1 − ϑi+1,N∥∞ <
1 − λ

2
⋅ δ

i = i + 1

Policy improvement

Policy evaluation

cheaper operator:
no maximum involved

Kaufman & Schaefer (2013), Robust Modified Policy Iteration.
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Alternate between single robust Bellman evaluation  and 
multiple nominal Bellman evaluations under worst-case p.

𝔅(πi+1)

s-Rectangular Ambiguity Sets: Partial Policy Iteration

Compute  and let  be the corresponding greedy policywi+1 = 𝔅vi πi+1

Repeat: starting with ,  arbitraryi = 0 v0

Until  ∥wi+1 − ϑi+1,N∥∞ <
1 − λ

2
⋅ δ

i = i + 1

Policy improvement

Policy evaluation

Ho et al. (2021), Partial Policy Iteration for L1-Robust Markov Decision Processes.

cheap (!) operator:
nominal evaluations
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s-Rectangular Ambiguity Sets: Partial Policy Iteration

Compute  and let  be the corresponding greedy policywi+1 = 𝔅vi πi+1

Repeat: starting with ,  arbitraryi = 0 v0

Until  ∥wi+1 − ϑi+1,N∥∞ <
1 − λ

2
⋅ δ

i = i + 1

Policy improvement

Policy evaluation

Ho et al. (2021), Partial Policy Iteration for L1-Robust Markov Decision Processes.

Theorem
Assume  for some . Then the optimality

gap of partial policy iteration satisfies:

ϵi+1 < λc ⋅ ϵi c > 1

∥v(πi+1) − v⋆∥∞ ≤ λi (∥v(π1) − v⋆∥∞ +
2ϵ1

(1 − λc−1)(1 − λ) )
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s-Rectangular Ambiguity Sets: Partial Policy Iteration
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• Reinforcement learning is changing the world. 

• Reinforcement learning ≈ MDPs with learning & value function approximation. 

• Real-world value function approximations (e.g. via deep learning) 
are largely “black magic” without rigorous analysis. 

• MDPs give us the mathematical understanding that underpins all this. 

• There are exciting new developments that bring both fields closer:

• Linear MDPs: Reinforcement learning with linear dynamics

• Weakly Coupled MDPs, Factored MDPs, Constrained MDPs, Safe RL, …

• covered extensively in top AI/ML conferences in recent years!
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